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1 Didactics: Interactive software models of math ???
? What about such models ?
? How use in activity-based open learning at schools ?
? Transfer to academic science education ?

2 Short demo of a prototype

3 Technology: Concepts for implementation
Programming language based on theorem proving
Dialog generation by Lucas-Interpreter
Correctness of problem solutions is verified
Interfaces to embedding systems
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Software models of math ?

Mathematics seems to be atomized into one-step exercises
by the e-learning technology available at the present
— bridged only by explanations in natural language.

Chess programs do not explain chess;
chess programs just checkmate active learners
— learning is supported by feedback according to rules.

Math software has an advantage over chess programs:
it’s internal structure can reflect math structure
— it is a model of mathematics (MoM) itself.
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Software models of math . . .

. . . (MoMs) shall be . . .
1 interactive: they model the behaviour of math

• elements of a problem solution are interrelated
• the relations are described by (meta-)formulas

2 transparent: elements and operations are accessible
• elements are represented in standard math notation
• operations are stepwise observable

3 complete: all underlying knowledge is accessible
• problem specifications (application-oriented aspect)
• methods solving problems (algorithmic aspect)
• definitions, axioms, theorems (deductive aspect)

So we get systems that explain themselves “completely”.
These systems cover the “Buchberger universe”.
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How use MoMs at schools?

Given activity-based open learning scenarios in science
education,
at certain points math concepts are involved and applied to
solve problems.
Then different treatment of math is possible:
• just use the formal result for interpretation
• compare variants of problem solutions
• introduce the concepts required for a problem solution
• explain a certain concept in a problem solution
• exercise the problem solution
• do a written exam on a particular problem solution
• etc.

Detailed treatment is hard to plan in open learning
and up to individual differences of learners. ?????
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Use of MoMs at schools

. . . may take advantage of MoMs’ “openness of use”
if embedded in e-content:

• They allow teachers to adapt a scenario ad-hoc

• They support learners in individual activities

• They offer course designers with dialog settings
(see section “Interfaces” below).
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Transfer to academic
education?

MoMs’ “openness of use” applies to levels of learners’ age,
too: There is one continuous software
from K12 (introduction of variables) up to university courses

We are planning use in start of studies at our university
and reuse in advance information at high schools.

Specific didactical considerations:
• learning abstract thought requires longterm activity
• MoMs offer continuous experience and activity
• MoMs represent various views on abstraction.
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Demo: Example problem . . .

. . . as presented in a textbook on structural engineering 1:

Determine the bending line of a beam of length L, which
consists of homogeneous material, which is clamped on one
side and which is under constant line load q0; see Figure 3.

Hint: Use the constraints on the shear force V (0) = q0 · L,
on the bending moment Mb(L) = 0 and on the expected
bending line y(0) = 0 and y ′(0) = 0.

1Taught at HTL, a specific technical high school in Austria in K 18
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Short demo of a prototype

Demo
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Short demo of a prototype . . .

. . . showed an interactive, transparent and complete MoM
with possibilities for free choice of

• detail in content (How much do “one” wants to know ?)
• kind of interaction (What do “one” wants to do ?)

1 guide step by step towards a solution
2 check input steps as generously as possible
3 explain steps and related knowledge

“One” can be the learner or a dialog module
(section “interfaces” below).
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CTP-based prog. language

Demo showed appropriateness of step-wise rewriting.
Computer algebra is 90 % rewriting.

Our suggestion:
use re-implementation of computer algebra based on
Computer Theorem Provers (CTP)2 . . .

. . . underlying knowledge (e.g. theory of integration) is
explicit and human readable — a prerequisite for
“transparent systems”

Promote CTP-based programming languages —
CTP is required for deduction in a Lucas-Interpreter . . .=⇒

2F. Wiedijk and C. Kaliszyk. Certified computer algebra on top of an
interactive theorem prover. Volume 4573 of LNCS, pages 94-105, 2007.
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Lucas3-Interpretation needs
formal specification

The specification of the demo example:

in : function q0, length L
pre : q0 is_integrable_in x ∧ L > 0
out : function y(x)

post : y(0) = 0 ∧ y ′(0) = 0 ∧ V (0) = q0.L ∧ Mb(L) = 0

where V and Mb are constant function symbols in the theory
of “bending lines”. function and length are functions fixing
the arguments’ types; q0 is a constant function with type
R → R.

3Peter Lucas, chief designer of IMB’s PL/1, Prof.emerit. TU Graz
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Program for ’Biegelinie’

01 Script bendingLine
02 (l_::real) (q_::real) (v_::real) (b_::real=>real) (rb_::bool list) =
03 (LET
04 (funs_:: bool list) =
05 (SubProblem (Bendingline,[bendingline,integrate],
06 [bendingline,integrate])
07 [real_ q_, real_real_ b_, real_ v_]);
08 (equs_::bool list) =
09 (SubProblem (Bendingline,[bendingline,setConstraints],
10 [bendingline,setConstraints])
11 [bools_ funs_, bools_ rb_, real_ l_]);
12 (sols_::bool list) =
13 (SubProblem (Real,[equation,system,linear],[])
14 [bools_ equs_, reals_ [c,c_2,c_3,c_4]]);
15 B_ = Take (LAST funs_);
16 B_ = ((Substitute sols_) @@
17 (Rewrite_Set_Inst [(bdv, v_)] make_ratpoly_in)) B_
18 IN B_)
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These are breakpoints:

01 Script bendingLine
02 (l_::real) (q_::real) (v_::real) (b_::real=>real) (rb_::bool list) =
03 (LET
04 (funs_:: bool list) =
05 (SubProblem (Bendingline,[bendingline,integrate],
06 [bendingline,integrate])
07 [real_ q_, real_real_ b_, real_ v_]);
08 (equs_::bool list) =
09 (SubProblem (Bendingline,[bendingline,setConstraints],
10 [bendingline,setConstraints])
11 [bools_ funs_, bools_ rb_, real_ l_]);
12 (sols_::bool list) =
13 (SubProblem (Real,[equation,system,linear],[])
14 [bools_ equs_, reals_ [c,c_2,c_3,c_4]]);
15 B_ = Take (LAST funs_);
16 B_ = ((Substitute sols_) @@
17 (Rewrite_Set_Inst [(bdv, v_)] make_ratpoly_in)) B_
18 IN B_)
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Given a program and
a specification . . .

program

worksheet

Lucas-Interpreter

context =

Isabelle/Isar specification
In:   function q,
       Length L
pre: q is_integrable
       ∆  L > 0
out: function y(x)
Post: y(0)=0 ∆ y'(0)=0
      ∆ V(0)=q.L
      ∆ M_b(L)=0

Script B (q, L, v, Cs) =
 LET 
   funs = Subproblem
       (thy, pbl, met) q, L, v
   equs = Subproblem …
   sols = Subproblem …
   B = Take (LAST funs)
   B = ((Substitute sols)@
     (Rewrite_Set poly)) B
 IN B
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. . . interpretation initialises the
context with precondition

program

worksheet

Lucas-Interpreter

context =

Isabelle/Isar specification
In:   function q,
       Length L
pre: q is_integrable
       ∆  L > 0
out: function y(x)
Post: y(0)=0 ∆ y'(0)=0
      ∆ V(0)=q.L
      ∆ M_b(L)=0

Script B (q, L, v, Cs) =
 LET 
   funs = Subproblem
       (thy, pbl, met) q, L, v
   equs = Subproblem …
   sols = Subproblem …
   B = Take (LAST funs)
   B = ((Substitute sols)@
     (Rewrite_Set poly)) B
 IN B

Problem (B, bendl)
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Breakpoint 1: user accepts or
updates or inputs

program

worksheet

Lucas-Interpreter

context =

Isabelle/Isar specification
In:   function q,
       Length L
pre: q is_integrable
       ∆  L > 0
out: function y(x)
Post: y(0)=0 ∆ y'(0)=0
      ∆ V(0)=q.L
      ∆ M_b(L)=0

Script B (q, L, v, Cs) =
 LET 
   funs = Subproblem
       (thy, pbl, met) q, L, v
   equs = Subproblem …
   sols = Subproblem …
   B = Take (LAST funs)
   B = ((Substitute sols)@
     (Rewrite_Set poly)) B
 IN B

Problem (B, bendl)
 Problem (B, load2bl)
 Q(x) = c-q.x, M(x) = …
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Breakpoint 2: user accepts or
updates or inputs

program

worksheet

Lucas-Interpreter

context =

Isabelle/Isar specification
In:   function q,
       Length L
pre: q is_integrable
       ∆  L > 0
out: function y(x)
Post: y(0)=0 ∆ y'(0)=0
      ∆ V(0)=q.L
      ∆ M_b(L)=0

Script B (q, L, v, Cs) =
 LET 
   funs = Subproblem
       (thy, pbl, met) q, L, v
   equs = Subproblem …
   sols = Subproblem …
   B = Take (LAST funs)
   B = ((Substitute sols)@
     (Rewrite_Set poly)) B
 IN B

Problem (B, bendl)
 Problem (B, load2bl)
 Q(x) = c-q.x, M(x) = …
 Problem (B, sidecds)
 L.q = x, 0 = c_2+L.c...
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Breakpoint 3: user accepts or
updates or inputs

program

worksheet

Lucas-Interpreter

context =

Isabelle/Isar specification
In:   function q,
       Length L
pre: q is_integrable
       ∆  L > 0
out: function y(x)
Post: y(0)=0 ∆ y'(0)=0
      ∆ V(0)=q.L
      ∆ M_b(L)=0

Script B (q, L, v, Cs) =
 LET 
   funs = Subproblem
       (thy, pbl, met) q, L, v
   equs = Subproblem …
   sols = Subproblem …
   B = Take (LAST funs)
   B = ((Substitute sols)@
     (Rewrite_Set poly)) B
 IN B

Problem (B, bendl)
 Problem (B, load2bl)
 Q(x) = c-q.x, M(x) = …
 Problem (B, sidecds)
 L.q = x, 0 = c_2+L.c...
 solveSys [0=c_3, …
 c = q.L, c_2 = -L^2.q/2.
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Breakpoint 4: user accepts or
updates or inputs

program

worksheet

Lucas-Interpreter

context =

Isabelle/Isar specification
In:   function q,
       Length L
pre: q is_integrable
       ∆  L > 0
out: function y(x)
Post: y(0)=0 ∆ y'(0)=0
      ∆ V(0)=q.L
      ∆ M_b(L)=0

Script B (q, L, v, Cs) =
 LET 
   funs = Subproblem
       (thy, pbl, met) q, L, v
   equs = Subproblem …
   sols = Subproblem …
   B = Take (LAST funs)
   B = ((Substitute sols)@
     (Rewrite_Set poly)) B
 IN B

Problem (B, bendl)
 Problem (B, load2bl)
 Q(x) = c-q.x, M(x) = …
 Problem (B, sidecds)
 L.q = x, 0 = c_2+L.c...
 solveSys [0=c_3, …
 c = q.L, c_2 = -L^2.q/2.
 y(x) = c_4+c_3.x-1/EI...
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Breakpoint 5: user input creates
a proof situation

program

worksheet

Lucas-Interpreter

context =

Isabelle/Isar specification
In:   function q,
       Length L
pre: q is_integrable
       ∆  L > 0
out: function y(x)
Post: y(0)=0 ∆ y'(0)=0
      ∆ V(0)=q.L
      ∆ M_b(L)=0

Script B (q, L, v, Cs) =
 LET 
   funs = Subproblem
       (thy, pbl, met) q, L, v
   equs = Subproblem …
   sols = Subproblem …
   B = Take (LAST funs)
   B = ((Substitute sols)@
     (Rewrite_Set poly)) B
 IN B

Problem (B, bendl)
 Problem (B, load2bl)
 Q(x) = c-q.x, M(x) = …
 Problem (B, sidecds)
 L.q = x, 0 = c_2+L.c...
 solveSys [0=c_3, …
 c = q.L, c_2 = -L^2.q/2.
 y(x) = c_4+c_3.x-1/EI...
 y(x) = 0 + 0.x – 1/EI …
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Breakpoint 5: interpreter
resumes execution

program

worksheet

Lucas-Interpreter

context =

Isabelle/Isar specification
In:   function q,
       Length L
pre: q is_integrable
       ∆  L > 0
out: function y(x)
Post: y(0)=0 ∆ y'(0)=0
      ∆ V(0)=q.L
      ∆ M_b(L)=0

Script B (q, L, v, Cs) =
 LET 
   funs = Subproblem
       (thy, pbl, met) q, L, v
   equs = Subproblem …
   sols = Subproblem …
   B = Take (LAST funs)
   B = ((Substitute sols)@
     (Rewrite_Set poly)) B
 IN B

Problem (B, bendl)
 Problem (B, load2bl)
 Q(x) = c-q.x, M(x) = …
 Problem (B, sidecds)
 L.q = x, 0 = c_2+L.c...
 solveSys [0=c_3, …
 c = q.L, c_2 = -L^2.q/2.
 y(x) = c_4+c_3.x-1/EI...
 y(x) = 0 + 0.x – 1/EI …
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Breakpoint 6: user accepts or
updates or inputs

program

worksheet

Lucas-Interpreter

context =

Isabelle/Isar specification
In:   function q,
       Length L
pre: q is_integrable
       ∆  L > 0
out: function y(x)
Post: y(0)=0 ∆ y'(0)=0
      ∆ V(0)=q.L
      ∆ M_b(L)=0

Script B (q, L, v, Cs) =
 LET 
   funs = Subproblem
       (thy, pbl, met) q, L, v
   equs = Subproblem …
   sols = Subproblem …
   B = Take (LAST funs)
   B = ((Substitute sols)@
     (Rewrite_Set poly)) B
 IN B

Problem (B, bendl)
 Problem (B, load2bl)
 Q(x) = c-q.x, M(x) = …
 Problem (B, sidecds)
 L.q = x, 0 = c_2+L.c...
 solveSys [0=c_3, …
 c = q.L, c_2 = -L^2.q/2.
 y(x) = c_4+c_3.x-1/EI...
 y(x) = 0 + 0.x – 1/EI …
 y(x) = (q.L^2)/(4.EI) . X^2
   - (q.L)/(6.EI) . x^3
   + q /(24.EI) . x^4
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End of program: Isabelle proves
the postcondition

program

worksheet

Lucas-Interpreter

context =

Isabelle/Isar specification
In:   function q,
       Length L
pre: q is_integrable
       ∆  L > 0
out: function y(x)
Post: y(0)=0 ∆ y'(0)=0
      ∆ V(0)=q.L
      ∆ M_b(L)=0

Script B (q, L, v, Cs) =
 LET 
   funs = Subproblem
       (thy, pbl, met) q, L, v
   equs = Subproblem …
   sols = Subproblem …
   B = Take (LAST funs)
   B = ((Substitute sols)@
     (Rewrite_Set poly)) B
 IN B

Problem (B, bendl)
 Problem (B, load2bl)
 Q(x) = c-q.x, M(x) = …
 Problem (B, sidecds)
 L.q = x, 0 = c_2+L.c...
 solveSys [0=c_3, …
 c = q.L, c_2 = -L^2.q/2.
 y(x) = c_4+c_3.x-1/EI...
 y(x) = 0 + 0.x – 1/EI …
 y(x) = (q.L^2)/(4.EI) . X^2
   - (q.L)/(6.EI) . x^3
   + q /(24.EI) . x^4
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Summary:
Lucas-Interpretation . . .

. . . provides means to . . .
1 guide step by step towards a solution.

. . . step from breakpoint to breakpoint in a program.
The user accepts or updates or inputs (dialog module!)

2 check input steps as generously as possible.
. . . provide provers with logical context of statements.
Checking user-input is: prove derivability from context.

3 explain steps on request by the user.
. . . interprete human-readable knowledge of Isabelle.
Knowledge shall be interlinked with math wikis.
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Outline

1 Didactics: Interactive software models of math ???
? What about such models ?
? How use in activity-based open learning at schools ?
? Transfer to academic science education ?

2 Short demo of a prototype

3 Technology: Concepts for implementation
Programming language based on theorem proving
Dialog generation by Lucas-Interpreter
Correctness of problem solutions is verified
Interfaces to embedding systems
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Correctness as a principle

(3.) (4.)
(1.) problemclass v program

v v

(2.) specification v calculation

Four directions for employing refinement calculus:
1 problemclass v program: the usual one
2 specification v calculation: new in context
3 problemclass v specification: new
4 program v calculation: new
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4 program v calculation: new
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Outline

1 Didactics: Interactive software models of math ???
? What about such models ?
? How use in activity-based open learning at schools ?
? Transfer to academic science education ?

2 Short demo of a prototype

3 Technology: Concepts for implementation
Programming language based on theorem proving
Dialog generation by Lucas-Interpreter
Correctness of problem solutions is verified
Interfaces to embedding systems



Lucas-
Interpreter

Walther
Neuper

Didactics
About

Use at school

Transfer to university

Demo

Technology
Computer algebra

Lucas-Interpretation

Correctness

Interfaces

Summary

3 kinds of interfaces:

1 Software interfaces to embedding systems like
• activity-based learninng environments (Coach etc)
• learning management systems (moodle etc)
• science and math wikis (“make formulas interactive”)

2 Interface for knowledge engineers using
• CTP-based programming languages (no interaction)
• libraries for domain-specific specifications
• libraries for algorithms in symbolic compuation

3 Interface for dialog designers providing
• user-guidance between <next> — input formula
• fill-in patterns and error-patterns
• filters for specific details excluded at certain levels.
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Summary

• Given some e-learning system in science education
(AMSTEL’s Coach . . . some TELMME content)

• comprising some mathematics for problem solving
which might be interesting for learners / students

⇒ implement this math using a CTP-based programming
language (without considering interaction)

⇒ probably design specific dialogues
• let Lucas-interpretation handle interaction and

automatically generate user guidance
• and have an interactive, transparente, complete

component for applied math which explains itself —
— in continuous availability from school to university.
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Thank you for attention !

F. Wiedijk and C. Kaliszyk.
Certified computer algebra on top of an interactive theorem
prover. In Kauers, M. Kerber and R. Miner (editors):
Towards Mechanized Mathematical Assistants, Calculemus.
Volume 4573 of LNCS, pages 94-105, 2007.

Workshop THedu’11 at CADE
(THeorem prover components for educational SW)
http://www.uc.pt/en/congressos/thedu
Initiative for an Open Source Formula Editor:
http://www.ist.tugraz.at/projects/isac/www/content/status.html#formedit
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